The concept of a line-critical graph is introduced by Ore [4] and briefly considered by Erdos and Gallai [3] . However, a structural characterization of line-critical graphs remains unknown, although one of the authors [5] constructs an infinite family of such graphs which, in particular, includes all line-critical graphs with fewer than eight points. 2* Additional terminology* A graph G consists of a finite nonempty set of points V(G) and a set of lines E(G) each of which is an unordered pair of points. The line uv is incident with each of its points. Two points (lines) joined by a line (point) are said to be adjacent. Let | A \ denote the number of elements in the set A. The degree of a point v is the number of lines incident with it and is denoted by d (v) . A line is called an endline if one of its points has degree one. A point v is isolated if d(v) = 0.
A walk W of G is an alternating sequence of points and lines, beginning and ending with points (said to be joined by W) such that each line is incident with the points before and after it. A walk P is a path if its points are distinct. The length of a walk is the number of occurrences of lines in it. If W is a walk beginning and ending with the same point, W is said to be closed. A closed walk in which all points are distinct is called a cycle.
The graph G is connected if every two points are joined by a path. A point v is a cutpoint of the connected graph G if G -v is disconnected. If v is any point of a graph G, a branch of G at v is a maximal connected subgraph of G not having v as a cutpoint. A connected graph is a block if it has no cutpoints. If G is a graph and H is a subgraph of G, then (? -iϊ is the subgraph of G defined
3* Preliminary results* The main result of this paper will be obtained in the following manner. First it will be shown that any two critical lines which are adjacent must lie on a cycle. Next in Theorem 2 it is proved that if the graph is bipartite, then no two critical lines are adjacent. Then based on the assumption that every cycle containing two adjacent critical lines is even, a contradiction to Theorem 2 is obtained. Finally, it is pointed out that since the point covering number is additive on the components of a graph, it may be assumed without loss of generality that all graphs are connected. THEOREM 1. a cycle.
Any two adjacent critical lines of a graph lie on
Proof. Suppose the conclusion is false, so that there are adjacent critical lines x and y in G which do not lie on a common cycle. Let x = uw and y -vw. Then w is a cutpoint of G. Partition the lines of G as follows. Let H be the branch of G at w which contains x and let J be the branch containing y. Hence G has the general appearance of Figure 2 .
Let M be an m.c. for Next it is shown that M x Π F(J) is an m.c. for J by assuming the contrary. Then there is a set N c V(J) which covers J but with Thus J? covers G and a(G) ^ |22| = α:(G -x -y) again contradicting the hypothesis that a; is critical in G. This completes the proof of the theorem.
if w e S, then S covers G and hence a(G) â (G -x -y) which is a contradiction. Hence w$S and thus S Π F(£Γ) and S Π V(J) are disjoint sets. Now it is shown that
The next theorem is a corollary to the results obtained by Dulmage and Mendelsohn [l, 2] . However, since a direct proof is short, it is included for the sake of completeness. Since M x U [w] and Λfy U {w} both cover G, α(G -x) = α(G -y) -a (G -x -y) . Thus Λf,. and Λf y are both m.c.'s for G -x -y. But then by Theorem 5 of [1] , N = S X Ό S y \J (T x f] T y ) is also an m.c. for G -x -y. Thus N contains both u and v and hence N covers G. Therefore a (G) ^ a(G -x -y) = α(G -#), contradicting the hypothesis that α; is critical in G, and thus completing the proof.
4.
The main theorem* The principal result of this paper may now be proved. To prove this assertion, let C be a cycle in H. Assume C to be odd. Note that wί V(C), for if w e V(C), then C contains a line incident with w. But such a line cannot lie on a cycle with x and y. Let z be a line of C. By definition of H, z must lie on a cycle C containing x and y. Let P[ and P 2 ' be the paths traversed along C" by starting at u and v respectively, and stopping upon encountering a point of C for the first time.
Note it may be that v 1 = u or v 2 = v. The points v λ and v 2 thus induce a division of C into two paths Q x and Q 2 each of which contains at least one line. But then one of the two cycles P( U Pi U Qι U {x, y} and P[ U Pi U Q2 U {x, y} must be of odd length, contradicting the original assumption, and completing the proof of Assertion 1.
Let A = {r l9 , r m ) and B -{s l9 , s n } be the point sets of the bipartite graph H with u, v e B. Now consider the graph J = G -H. The graph J can be partitioned into maximal subgraphs (some perhaps containing no lines),
R u R m , S lf S», and T with r, e V(Ri), s s e V(Sj), and w e V(T) ON THE CRITICAL LINES OF A GRAPH
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so that the intersection of any two of these is at most the point w.
To see this, it need only be shown that any path joining points of H is contained in H unless it contains w. This is now proved: ASSERTION 
// u 0 and u x are distinct points of H and if P is a path joining them which does not include w, then all lines of P are in H.
Let Q = H + x + y. Then, clearly, Q is a block and hence Q \J P is a block. Let z be a line of P. Then z and w lie on a common cycle. But the only lines of Q which meet w are x and y. Hence z,x, and y lie on a common cycle and ze H, proving the assertion.
Thus the graph G = H U J has the appearance of Figure 3 . Case 1. Suppose r< g X* U F<. Then by the same argument as for T, i?i is covered by both X t and F* which must have the same number of points. Hence they may be taken to be equal.
Case 2. Similarly, if r< e X t Π F 4 it may be assumed that 
The definition of G' allows the presence of isolated points. However, since such points have nothing to do with the point covers of the graph, they will be regarded as deleted. Thus G' consists of H together with possibly some lines incident with an r< or an s ό . Each of these lines is either an endline or is incident with w.
The graph G' thus has the appearance of Figure 4 . Now clearly x and y lie only on even cycles in G'. It was pointed out above that if /elflΓ, where X and F are m.c.'s for G -x and G -y respectively, and if x and y are critical in G, then x and y remain critical in G -v'. By repeated application of this property, it follows that x and y are critical in G\ Next, build a new graph G" from G' (cf. Figure 5 ) by splitting w into two points r and s such that r is adjacent to those points s d and s to those points r* to which w was adjacent.
In G" let a?' = ur and #' = vr. It is immediate that x' and y' are critical in G". But the new graph G" is bipartite. Hence Theorem 2 is contradicted and the proof of Theorem 3 is complete. Mathematical papers intended for publication in the Pacific Journal of Mathematics should be typewritten (double spaced). The first paragraph or two must be capable of being used separately as a synopsis of the entire paper. It should not contain references to the bibliography. Manuscripts may be sent to any one of the four editors. All other communications to the editors should be addressed to the managing editor, Richard Arens at the University of California, Los Angeles, California 90024. 50 reprints per author of each article are furnished free of charge; additional copies may be obtained at cost in multiples of 50.
The Pacific Journal of Mathematics is published monthly. Effective with Volume 16 the price per volume (3 numbers) is $8.00; single issues, $3.00. Special price for current issues to individual faculty members of supporting institutions and to individual members of the American Mathematical Society: $4.00 per volume; single issues $1.50. Back numbers are available.
Subscriptions, orders for back numbers, and changes of address should be sent to Pacific Journal of Mathematics, 103 Highland Boulevard, Berkeley 8, California.
Printed at Kokusai Bunken Insatsusha (International Academic Printing Co., Ltd.), 7-17, Fujimi 2-chome, Chiyoda-ku, Tokyo, Japan.
PUBLISHED BY PACIFIC JOURNAL OF MATHEMATICS, A NON-PROFIT CORPORATION
The Supporting Institutions listed above contribute to the cost of publication of this Journal, but they are not owners or publishers and have no responsibility for its content or policies.
